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S1 Pro�le drag polar

Several studies have aimed at measuring the drag polar of birds [1, 2, 3, 4℄, bats [5℄ or their wings [6, 7, 8℄.

However, these studies generally measure the total drag polar, in
luding body drag (for free �ying birds)

and indu
ed drag. Body drag 
an be easily subtra
ted, but indu
ed drag is di�
ult to measure. Tu
ker

and Heine 1990 [4℄ measured the drag polars (for varying wing 
on�gurations) of a Harris' hawk (Parbuteo

uni
in
tus). They subtra
ted body drag and an estimated indu
ed drag with an indu
ed drag fa
tor of

1.1. Figure S1 shows the resulting pro�le drag measures together with the pro�le drag model that we

used for our 
omputations, i.e. CDv,0

+ CDv,2

C2

L with CDv,0

= 2.66/
√
Re and CDv,2

= 0.03.
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Figure S1: Pro�le drag polar used in the model for CDv,2

= 0.03 
ompared to pro�le drag measurements

from a Harris' hawk (data points measured from [4, �g. 5℄).

S2 Sensitivity of lift dependent pro�le drag/power

The solution for lift dependent pro�le power depends on the value of CDv,2

and the 
hord length c:

K
vis

= K
ind

+ 4CDv,2 diag

(

Aj

cj

)

,

in

P
v,2 =

1

2
ρfΓT

vis

K
vis

Γ
vis

−
1

2
ρfΓT

ind

K
ind

Γ
ind

.

With bird and bat spe
ies having di�erent aspe
t ratios (AR ∝ 1/c), this means that the fa
tors fDv,2

and

fPv,2

are not entirely spe
ies independent. Also, when future experiments provide more a

urate estimates,

the value of CDv,2

might need to be adjusted. In the above equation AR and CDv,2

mathemati
ally have
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Figure S2: E�e
t of doubling (solid lines) and quadrupling (dashed lines) ARCDv,2

on fDv,2

and fPv,2

.

Dark shaded lines for stroke-plane ϕ = 0◦ and light shaded lines ϕ = 50◦. Per
entages indi
ate the lo
al
relative di�eren
e to the original values.

the same e�e
t. To test the sensitivity of fDv,2

and fPv,2

we have repeated the 
omputations for di�erent

values of the produ
t AR · CDv,2

. Table S1 shows how the �tted 
oe�
ients of fDv,2

and fPv,2

are

a�e
ted. For the �tting pro
edure we used the weights from the original data set, to ensure that only

the lift dependent pro�le drag/power are a�e
ted. The largest di�eren
e o

urs for fDv,2


oe�
ient p1,0
whi
h itself is rather small. Figure S2 shows the absolute di�eren
e in fDv,2

and fPv,2


ompared to the

original 
ombination AR ·CDv,2

. The largest di�eren
e is found for fPv,2

at very low redu
ed frequen
ies:

∆fPv,2

≈ −0.25, whi
h relative to the value of fPv,2

is only a 2% de
rease. For fDv,2

the relative e�e
t

at higher redu
ed frequen
ies is very large, due to the fa
t that the absolute value goes through zero.

Considering that

P
v,2

P ′

v,2

= 1 + fPv,2

T

L
+∆fPv,2

T

L
,

it follows that the di�eren
es shown in �gure S2 are multiplied with the thrust ratio, whi
h is of the order

1/10, so that a di�eren
e ∆fPv,2

of order 1/10 would amount to a di�eren
e in �apping power of 1% of

the non-�apping power. We therefore 
on
lude that the model is relatively insensitive to 
hanges in AR

and CDv,2

.

Table S1: Coe�
ients of fDv,2

and fPv,2

for di�erent values of AR · CDv,2

. First 
olumn is showing the

original result and the se
ond and third 
olumns indi
ate the relative di�eren
e to the original by doubling

and quadrupling AR · CDv,2

respe
tively.

AR · CDv,2

original 2× 4×
0.183 0.366 0.732

fDv,2

p0,0 9.298 -1.0% -2.2%

p0,2 1.301 +0.4% +0.6%

p1,0 -0.659 -3.1% -6.8%

p1,1 -1.521 -0.2% -0.6%

fPv,2

p0,0 8.851 -1.0% -2.3%

p0,2 2.807 -0.5% -1.3%

p1,0 1.354 -0.6% -1.3%

p1,1 -0.943 0.6% 1.4%

r 1.201 -0.7% -1.4%
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S3 Observed �ight speeds ja
kdaw (Corvus monedula)

We analysed 30 tra
ks of (�o
ks of) ja
kdaws in powered �ight re
orded using an ornithodolite, whi
h is a

laser range �nder 
ombined with an anemometer [9℄. The observations were weighted using the standard

error on the true airspeed (w =
√

N/σ2

Trueairspeed

), σ2

Trueairspeed

being the varian
e on the measured

mean �ight speed for a tra
k and N the number of observations for that tra
k. There was a signi�
ant

e�e
t of verti
al speed, wind speed (di�eren
e between groundspeed and airspeed Vg-Va) and of �o
k

size (ln (Flo
ksize)). With a 
on�den
e level of 95% the expe
ted average speed is between 11.6 m/s and

14.3 m/s for a single bird in horizontal �ight without wind.

For the ja
kdaw that is used as an example in the 
urrent work, the maximum range speed based on

aerodynami
 power is estimated to be 12.1 m/s by the model presented in this work, while it is predi
ted

to be 15.9 m/s by the Penny
ui
k model. Based on metaboli
 rate, using the same energy 
onversion for

both models, the estimates in
rease to 12.5 m/s and 16.7 m/s, respe
tively.

Table S2: Summary statisti
s ja
kdaw �ight speeds

Linear regression model:

Trueairspeed ~ 1 + Verti
alspeed + (Vg-Va) + ln(Flo
ksize)
Estimated Coe�
ients:

Estimate SE tStat pValue

(Inter
ept) 12.923 0.65987 19.584 ≪0.0001

Verti
alspeed -1.7042 0.5683 -2.9988 0.0059033

(Vg-Va) -0.30577 0.14256 -2.1448 0.041482

ln (Flo
ksize) 0.64795 0.25511 2.5398 0.017409

Number of observations: 30, Error degrees of freedom: 26

Root Mean Squared Error: 2.74

R-squared: 0.537, Adjusted R-Squared 0.484

F-statisti
 vs. 
onstant model: 10.1, p-value = 0.000142

S4 Wing twist and lift 
oe�
ient

In the model we des
ribe we do not in
lude any limitations on the lift 
oe�
ient (i.e. wing stall) or the

amount of spanwise twist of the wing that would be required to obtain that lift 
oe�
ient. This means it

will always assume the ideal distribution of 
ir
ulation. It may, however, o

ur that the wing is physi
ally

not able to produ
e this optimal distribution.

In the Hall and Hall model [10℄ the distribution of the required lift 
oe�
ient, along the span and

throughout the wingbeat, 
an be estimated from the 
omputed distribution of 
ir
ulation (Γ), the lo
al
wing 
hord (c) and the e�e
tive lo
al velo
ity (V )

Cℓ =
2Γ

V c
.

For a rough estimate of the required wing twist, the lift 
oe�
ient may be related to a required angle of

atta
k by assuming a lift slope for the lo
al aerofoil. Here we used a slope of 5.7 rad

−1
[11, Appendix D;

NACA0006℄. The wing twist is then found from

θ =
Cℓ

5.7
+ α

i

− α
g

,

where α
i

is the indu
ed downwash angle and α
g

the angle between the e�e
tive wing velo
ity and the

�ight path.
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